Interiayer coherent composite Fermi liquid phase in quantum Hall bilayers 
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Composite fermions have played a seminal role in understanding the quantum Hall effect, particularly the 
formation of a compressible 'composite Fermi liquid' (CFL) at filling factor v = 1/2. Here we suggest that 
in multi-layer systems interiayer Coulomb repulsion can similarly generate 'metallic' behavior of composite 
fermions between layers, even if the electrons remain insulating. Specifically, we propose that a quantum Hall 
bilayer with v = 1/2 per layer at intermediate layer separation may host such an interiayer coherent CFL, 
driven by exciton condensation of composite fermions. This phase has a number of remarkable properties: the 
presence of 'bonding' and 'antibonding' composite Fermi seas, compressible behavior with respect to symmetric 
currents, and fractional quantum Hall behavior in the counterflow channel. Quantum oscillations associated with 
the Fermi seas give rise to a new series of incompressible states at fillings v — p/[2(p ± 1)] per layer (p an 
integer), which is a bilayer analogue of the Jain sequence. 

PACS numbers: 



Composite fermions have played a central role in the field 
of quantum Hall physics (l]]. Perhaps the most striking mani- 
festation of composite fermions is their formation of a Fermi 
sea at certain even-denominator fillings, notably v = 1/2. Pi- 
oneering work by Halperin, Lee, and Read (HLR) developed 
the theory of such composite Fermi liquids (CFL's) |2y, and 
the anticipated Fermi surface has been experimentally mea- 
sured 13[]. As a corollary of this interaction-driven 'metallic - 
ity', CFL's also provide a unified picture for the onset of Jain's 
sequence JJ] — these quantum Hall states emerge as quantum 
oscillations of a composite Fermi sea J2). 

Given the success of HLR theory, it is natural to inquire 
whether CFL's can emerge in strongly coupled multi-layer 
systems. More precisely, can interiayer Coulomb repulsion 
generate coherent propagation of composite fermions between 
layers, resulting in an interiayer coherent CFL with a higher- 
dimensional composite Fermi surface? Such a phase would 
constitute a fundamentally new kind of CFL and, if found, 
would broaden the utility of composite fermions into a new di- 
mension. Experimentally, this question is motivated in part by 
quantum Hall bilayers, for which compressible states appear 
even when interiayer Coulomb is 'strong' {e.g., [4J). Addi- 
tionally, recent experiments on bismuth [5] highlight our lack 
of understanding of strongly interacting three-dimensional 
systems in the lowest Landau level (LLL), further stimulating 
the quest for exotic multi-layer phases. 

Here we argue that spin-polarized quantum Hall bilayers at 
v = 1/2 per layer may indeed harbor an interiayer coherent 
CFL when the layer spacing d and magnetic length is are 
comparable (see Fig. [T]). To motivate this phase, it is useful 
to recall the well-understood physics at extreme d/ls- For 
d/ls % 1, strong interiayer Coulomb drives exciton conden- 
sation of the electrons Ja], (cjcj) ^ 0, with c Q the electron 
operator in layer a =t,|- When d/ts — > oo, the layers 
decouple and form v = 1/2 CFL's with independent Fermi 
surfaces in each layer as in Fig. |2a). Here the bilayer wave- 
function is V'oo = PLLLlli^iZi-Zj^iWi-Wjf^lp^^p, 



where Plll denotes LLL projection, z,w are complex co- 
ordinates in layer f , J., and * s me composite Fermi sea 
wavefunction in layer a. The behavior at intermediate d/ls 
is far subtler and has been actively studied for more than a 
decade (for a recent discussion, see |7[]). 

We propose that for intermediate djls, the short-range part 
of interiayer Coulomb naturally favors exciton condensation 
of composite fermions, and that this leads to an interiayer 
coherent CFL. Denoting the composite fermion operator by 
f a , this phase is characterized by (ftf±) ^ even though 

(cjcj) = 0. This order parameter implies that composite 
fermions spontaneously tunnel between layers (even though 
the electrons do not), resulting in the formation of bonding 
and antibonding composite Fermi surfaces as shown in Fig. 
|2jb). A simple trial wavefunction for this new phase is 

tp = Plll - z J ) 2 (w l - w,j) 2 ^ (kFB ^ FA) , (1) 

where k FB /A are the Fermi momenta for the bond- 
ing/antibonding Fermi surfaces and ^(kp B ,k F A ) denotes the 
Slater determinant filling these Fermi seas. While the inter- 
iayer coherent CFL behaves similarly to decoupled CFL's in 
response to symmetric currents, this phase has the remarkable 
property that in the counterflow channel it behaves as an in- 
compressible v = 1/2 quantum Hall state. This follows from 
composite fermion exciton condensation, just as electron ex- 
citon condensation leads to counterflow superfluidity at small 
d/is 10 • Interestingly, quantum oscillations of the Fermi sur- 
faces generate a bilayer analogue of Jain's sequence [see Eqs. 
© and ©], which includes Halperin's 331 state 18[] and other 
fractions that have been experimentally observed. 

To flesh out this picture we consider spin-polarized elec- 
trons, in the idealized limit of zero interiayer tunneling. The 
appropriate Euclidean action is 
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FIG. 1 : Schematic of bilayer setup. The physical electron is a bound 
state of 2 flux quanta and a composite fermion (shown by the small 
circles). In the interlayer coherent CFL, composite fermions tunnel 
between layers, while the electrons do not. 



where x — (r, t), B = V x A is the external field, and 
Seoul = S 1 J oul + S L c l oul + S 1 c L oul encodes the Coulomb repul- 
sion. (Throughout we set h = c = 1.) We focus primarily on 
fillings i/f = vy = 1/2 at intermediate d/ls, sufficiently large 
that the exciton condensate is destroyed but small enough 
that interlayer Coulomb is not weak. Although far from the 
cI/£b = 00 limit, we postulate that composite fermions re- 
main the 'correct' degrees of freedom in this regime. Denot- 
ing the Chern-Simons fields by a^, the action then becomes 
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Here A£ = A^ + SA£ 7 with 5A^ a probe field added for com- 
puting response properties below. The Chern-Simons term on 
the second line attaches two flux quanta to each composite 
fermion, recovering the physical electron as shown schemati- 
cally in Fig. Q] We allow the composite fermion mass m* to 
differ from the bare electron mass m, since the two are unre- 
lated when Landau level mixing is ignored [01 . 

Equation (0 was previously studied in important work 
by Bonesteel et al. [9] By examining the effect of long- 
wavelength gauge fluctuations at d/£g ^> 1, these authors 
argued that such coupled CFL's should generically undergo 
an interlayer BCS pairing instability. This is rather natural 
at large djls within the dipole picture of decoupled CFL's 
ifioll . However, when d/ls is of order unity — which is our 
focus here — the layers are strongly coupled, so in this case 
one should first attack the problem by satisfying the short- 
distance, high-energy physics. This is our objective. 

To this end, we focus on the interlayer Coulomb Sjj ou[ , de- 
composed into short-range and long-range pieces via S]j oul = 
S}} + SjJ'. The short-range part can be written 



\\Hx)\ 2 -{fy x ^{ X )+h.c.) 
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In the last line we include a kinetic term for $, which mini- 
mally couples to aft — to maintain gauge invariance. 

When u exceeds a critical value, $ condenses and the sys- 
tem enters an interlayer coherent CFL phase. To get a crude 
sense for when this transpires, one can integrate out the com- 
posite fermions to derive an effective theory for $ coupled to 
— aj 1 . To leading order, the coefficient of the |$(a;)| 2 term 

shifts to — — 7T- ■ Using our earlier estimate for u, this van- 
ishes at a critical layer separation (d/^a) c ~ e 2 ^sm*/2. In- 
serting Murthy and Shankar's estimate [11] 1/m* sa e 2 £s/6 
yields (<1/£b)c ~ 3. Ultimately, however, (d/£s)c should be 
determined numerically as we discuss below. 

As an aside, we briefly comment on the case with u^i = 
1/4, where the composite fermions have an effective filling 
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1/2. From Eqs. and (0 one similarly expects 
short-range interlayer repulsion to drive exciton condensation 
of composite fermions below a critical layer separation. Com- 
posite fermions then form the 111 state, so the electron wave- 
function is tJj = Ili< :) ( 2; j — z j) 2 ( w i -ffli] 2 tin, i.e., the 331 
state. There is strong experimental 11121 1 1311 and theoretical 
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evidence that this phase indeed emerges at inter- 
mediate d/is- Similarly, composite fermion exciton conden- 
sation at i/jj = 1/8 (correspondingto = 1/6) generates 
the 553 state, which recent work lfl7ll shows is a good candi- 
date for the observed quantum Hall state at this filling lfl8ll . 
These observations substantiate the basic logic utilized above. 

We now return to i/j j = 1/2 and characterize the interlayer 
coherent CFL with ($) ^ 0. The first remarkable property 
of this phase, which follows from Eq. (0, is that compos- 
ite fermions are liberated from their respective layers and co- 
herently interlayer tunnel. Consequently, 'bonding' and 'an- 
tibonding' composite Fermi surfaces form as shown in Fig. 
|2jb). The respective Fermi momenta kp,B an d kp,A are deter- 
mined by d/£g but must satisfy kp B + kp A = 2/£ % to yield 
the correct filling factor. In contrast, at d/£s = oo composite 
fermions are confined to their layers and form independent, 
equal-size Fermi surfaces as in Fig. [2 a). 

Crucially, although composite fermions tunnel the electrons 
do not (as in the 331 state). This can be understood by refor- 
mulating the problem using Wen's parton construction lfl9Tl . 



r f muiaung ine proDiem using wen s pan 

u / fxtfxif x lf x 1 — ~ u I fx]fxif x ifx]\ (4) expressing the electron as c ra = 6 rQ /, 



including here interactions out to a range £g, we crudely es- 
timate u w {e 2 /d){Tt£ 2 B ). Short-range interlayer Coulomb 
is thus clearly attractive in the particle-hole rather than the 
Cooper channel, and favors exciton condensation of compos- 
ite fermions rather than BCS pairing. To expose this compet- 
ing excitonic instability, we decouple Eq. dU with a Hubbard- 
Stratonovich field $, which can be regarded as a composite 



Here b ra is a bo- 
son that mimics the Chern-Simons flux attachment and f ra is 
the composite fermion; to remain in the physical Hilbert space 
one imposes the local constraint c\ a c Ta = b\ a b ra = f$ a f ra - 
In the interlayer coherent CFL, the bosons form decoupled 
v = 1/2 quantum Hall states in each layer, while the compos- 
ite fermions tunnel coherently. Due to the constraint, electron 
tunneling requires both b ra and f ra to tunnel, but only the 
latter is able to do so as Fig.fT|illustrates. 
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FIG. 2: (Color online) (a) At d/lB = oo and u — 1/2 per layer, 
composite fermions form decoupled CFL's with identical Fermi sur- 
faces in the f and J. layers, (b) At intermediate d/£s, we propose an 
interlayer coherent CFL where composite fermions coherently tun- 
nel between layers and form bonding and antibonding Fermi surfaces 
with radii k F ,B and k F ,A- 
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FIG. 3: (Color online) Interlayer density-density correlation function 
in the interlayer coherent CFL computed in mean-field theory for 
various kF,A I kF.B ■ Reducing kF.A I kF,B smoothly carves out an 
interlayer correlation hole as seen above. 



Partons also allow correlations to be simply computed 
in a mean-field approximation that neglects the Hilbert- 
space constraint. Consider the interlayer density-density 
correlation function <?-|-j.(r — r') = p~ 2 '(cLcJ, ,c r > j.c r j) , 
where p = \/(Airt 2 B ). Upon introducing partons and 
ignoring the constraint, g^i factorizes: 5|j,(r — r') = 

/ 5_2 (^T 5 r'i 6 r'i & rT)(/ r t T / r t ' i /r'i/rT>- Th e boson part yields a 
constant since the exchange term vanishes. Setting this contri- 
bution to unity (i.e., using 'renormalized mean field theory') 

P 



yields g n (r-t f ) 

9n( r ) = !- 



2 (/rVr'i fr'lM), which evaluates to 



[k F ,BJi(k F . B r) - k F . A Ji(k F . A r)} 2 .(6) 



Figure [3] displays for several values of k F ,A/k Fi B, and 
demonstrates that reducing k F a/ k F g lowers the interlayer 
Coulomb energy by smoothly binding an interlayer correla- 
tion hole. Interestingly, this crude treatment already captures 
the oscillations in gt \ found numerically in exact diagonaliza- 
tion (Fig. 10(b) in fcjj) and DMRG 

In contrast to the electron exciton condensation at small 
d/is which spontaneously breaks a physical U(l) symme- 
try (corresponding to electron number conservation in each 
layer), the composite fermion exciton condensate only breaks 
gauge symmetry. This follows from Eq. (0, where condens- 



ing <f> yields a mass term for — <ij\ thereby pinning the 
Chern-Simons fields for the two layers together. Interesting 
physical consequences follow, which we now discuss. 

Electromagnetic response properties are most clearly orga- 
nized in a basis of symmetric/antisymmetric currents j^ /n — 
l 

x/2 



(j'l ± J J 1 ). The response of j^ a yields the compressibility 



with respect to symmetric density changes (Vf ± = 1/2 + 5v), 
and layer imbalance (i/f = 1/2 + 8v, = 1/2 — 8v). Spa- 
tial components j s / a , corresponding to symmetric and coun- 
terflow currents, respond to electric fields through E s / a = 
y s /aL/a, with E s/a = -j^{E\ ± Ei). To evaluate the 
q — > 0, static compressibilities and resistivities, it suffices 
to simply set o-j- = aj, = o since o-f — is massive. The 
composite fermion action can then be written 
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with t = ($) taken real and A^ /a = A%(Af ± A^). 

The Chern-Simons term for A a , which decouples from ev- 
erything else, is the effective action for a.v = 1/2 fractional 
quantum Hall state. This has remarkable implications: de- 
spite having two Fermi surfaces, the interlayer coherent CFL 
behaves like an incompressible, gapped fractional quantum 
Hall state in the counter/low channel, with resistivity p xx = 
and p® y = 2h/e 2 . As noted by Stern and Halperin 112 ill , com- 
pressibility of a CFL is intimately tied to gauge invariance. 
Incompressibility thus formally stems from the partial break- 
ing of gauge symmetry due to $ condensing. More physically, 
transferring electrons from one layer to the other requires cre- 
ating a net difference in flux between the layers; with a-f — oj, 
massive doing so requires overcoming an energy gap. 

To study such charge excitations, consider the more gen- 
eral composite fermion action, Eqs. © and ©. Elemen- 
tary charge excitations in this channel are created by insert- 
ing a vortex in <£>, which by a singular gauge transformation is 
equivalent to adding localized it flux in a-f and —it flux in a^. 
A physical electron consists of a composite fermion bound to 
4ir flux, so the quasiparticles are formed by dipoles carrying 
charge e/4 in one layer and — e/4 in the other. 

Since gauge symmetry is preserved in the symmetric chan- 
nel, the interlayer coherent CFL and decoupled CFL's behave 
essentially identically here. Both are compressible, and have 
resistivity elements p x s v = 2h/e 2 and p xx — p X Q F , where pff p 
is the composite fermion resistivity with disorder. This result 
can be obtained via the methods of |2], or in the parton ap- 
proach using the Ioffe-Larkin rule B22I1 which states that p l J is 
the sum of resistivities for the bosons, pV — (2h/e 2 )eij, and 
composite fermions, p^ F = p^f F Sij. 
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Given the compressibility in this channel, it is interesting 
to ask how the system evolves when the field shifts to B = 
-B1/2 ± \6B\ so that v^^ = 1/2 =p \Sv\. The attached flux now 
only partially cancels the field, and the bonding/antibonding 
Fermi surfaces develop into Landau levels such that the ef- 
fective composite fermion filling is v?f = 2irp/ (e\8B\) = 
v^ t i/{2\8v\). Incompressible phases arise whenever an inte- 
ger number Pb/a of bonding/antibonding Landau levels are 
filled — i.e., when v^f = (ps + Pa) 12. The corresponding 
electron filling factors and LLL-projected wavefunctions are 



PA+PB 
2(p A +PB±l) 

^(p B , PA ) = Plll]J{zi - Zj) 2 ( Wi - w j ) 2 ^ [pB , PA) (9) 

where ^{ PB . PA ) is the wavefunction for pb/a filled bond- 
ing/antibonding composite fermion Landau levels. This series 
of interlayer-correlated quantum Hall states constitutes a bi- 
layer analogue of the Jain sequence [1], and notably includes 
even denominator fractions. Just as the Jain sequence can be 
viewed as quantum oscillations of a single-layer CFL |2||, this 
bilayer series emerges naturally as quantum oscillations of the 
interlayer coherent CFL; consequently, appearance of these 
fractions can serve as indirect evidence for its existence. 

The properties of the interlayer coherent CFL discussed 
above readily distinguish it from other proposals for inter- 
mediate d/t.B at v-\.i = 1/2. For example, the interlayer 
BCS paired state is incompressible in both the symmetric and 
antisymmetric channels II 1 Oil . Compared to the latter, the in- 
terlayer coherent CFL bears numerical advantages, since the 
trial wavefunction in Eq. (JTJ has one variational parameter — 
^f.aI^f,b — whereas BCS states require variational determi- 
nation of the pairing function J7, 23]. Thus, variational Monte 
Carlo can be employed for relatively large particle numbers 
to estimate more seriously (d/£s) c below which composite 
fermions exciton condense, and to study the optimal Fermi 
surface sizes at smaller djts- Comparison with exact diago- 
nalization for smaller systems may also be fruitful. 

Experimentally, in double quantum wells studied to date it 
seems unlikely that an interlayer coherent CFL is operative — a 
biproduct of the counterflow incompressibility is a large longi- 
tudinal drag ~ Pep, which is not observed U4J]. This could be 
due to disorder-induced local filling factor variations, which 
this phase strongly disfavors, or perhaps partial spin polariza- 
tion 12411 . Wide quantum wells appear more promising: sig- 
nificantly larger mobilities are achievable, and quantum Hall 
states have been observed at several of the fractions predicted 
by Eq. (0 1 18, 25, 26]. Further studies of quantum oscillations 
of the compressible phase near i/^i = 1/2 would be exciting 
to more directly compare with our predictions, as would ex- 
periments to measure the unequal Fermi surfaces that are a 
hallmark of this state [3]. Theoretically, composite fermions 
emerging as delocalized degrees of freedom in multilayers is 
a novel possibility that may open new avenues in quantum 
Hall physics. A three-dimensional version of the bilayer co- 



herent CFL — possibly relevant for layered semimetals like 
graphite — will be explored in future work. 
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